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A COMPACTNESS RESULT FOR ENERGY-MINIMIZING
HARMONIC MAPS WITH ROUGH DOMAIN METRIC
DA RONG CHENG
Abstract. In 1996, Shi [Shi96] generalized the ǫ-regularity theorem of Schoen
and Uhlenbeck [SU82] to energy-minimizing harmonic maps from a domain equipped
with a Riemannian metric of class L∞. In the present work we prove a compact-
ness result for such energy-minimizing maps. As an application, we combine our
result with Shi’s theorem to give an improved bound on the Hausdorff dimension
of the singular set, assuming that the map has bounded energy at all scales. This
last assumption can be removed when the target manifold is simply-connected.
1. Introduction and Statement of Main Results
Let N be a smooth compact Riemannian manifold, isometrically embedded in
some Euclidean space Rm. Let B denote the unit ball in Rn. The Sobolev space
W 1,2(B;N) is defined by
W 1,2(B;N) = {u ∈W 1,2(B;Rm)| u(x) ∈ N for a.e. x ∈ B}.
Let A denote the collection of open subsets of B. Given a positive number Λ, we
let FΛ denote the class of funtionals E : L2(B;Rm) ×A → [0,+∞] which have the
form
(1.1) E(u,A) =
{ ´
A
√
ggijDju ·Diu , u|A ∈W 1,2(A;Rm)
+∞ , otherwise ,
where g is a Riemannian metric on B of class L∞ satisfying
(1.2) Λ−1|ξ|2 ≤ √g(x)gij(x)ξiξj ≤ Λ|ξ|2, for a.e. x ∈ B and all ξ ∈ Rn.
In the present work we are interested in the local minimizers of functionals in FΛ.
To be precise, let MΛ be the subset of W
1,2(B;N) consisting of maps u for which
there exists an E ∈ FΛ such that for each Br(x) ⊂⊂ B and each v ∈W 1,2(Br(x);N)
with u− v ∈W 1,20 (Br(x);Rm), we have
(1.3) E(u,Br(x)) ≤ E(v,Br(x)).
Finally we’ll also denote the ordinary Dirichlet energy (with respect to the Euclidean
metric) by
E0(u,A) =
ˆ
A
|du|2.
Our main result is the following.
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Theorem 1.1. Let {uk} be a sequence of maps in MΛ with
sup
k
E0(uk, Br(x)) < +∞, for each Br(x) ⊂⊂ B.
Then, passing to a subsequence if necessary, there exists u ∈MΛ such that
(1) uk → u weakly in W 1,2(Br(x);Rm) and strongly in L2(Br(x);Rm) for each
Br(x) ⊂⊂ B.
(2) Suppose Ek and E are functionals in FΛ that uk and u locally minimize,
respectively. Then for each Br(x) ⊂⊂ B, we have
(1.4) lim
k→∞
Ek(uk, Br(x)) = E(u,Br(x)).
Before mentioning an application of Theorem 1.1, we recall that in 1996, Shi
proved the following ǫ-regularity result for maps in MΛ.
Theorem 1.2 ([Shi96]). There exists positive numbers ǫ, τ and α depending only
on n and Λ such that if u ∈MΛ and Br(x) ⊂⊂ B satisfies
r2−nE0(u,Br(x)) ≤ ǫ.
Then
(τr)2−nE0(u,Bτr(x)) ≤ 1
2
r2−nE0(u,Br(x)).
For a map u ∈MΛ, we define the regular set to be
(1.5) reg u = {x ∈ B| u is Ho¨lder continuous on a neighborhood of x} .
The singular set is then defined to be the complement of reg u:
sing u = B − reg u.
For technical reasons we also define
(1.6) singE u =
{
x ∈ B| lim inf
r→0
r2−nE0(u,Br(x)) ≥ 1
2
(1 + Λ)−2ǫ
}
.
Then sing u ⊂ singE u and Shi’s theorem immediately implies that
(1.7) Hn−2(singE u ∩B1/2) = 0, for all u ∈MΛ.
Below we will combine Theorem 1.2 and Theorem 1.1 to get an improved bound on
the singular set of a map u ∈MΛ, assuming that its energy is bounded at all scales.
Theorem 1.3. There exists ǫ depending only on n, Λ and E0 such that for all
u ∈MΛ satisfying
(1.8) r2−nE0(u,Br(x)) ≤ E0 for all x ∈ B1/2, r ∈ (0, 1/4),
we have Hn−2−ǫ(sing u ∩B1/2) = 0.
The strategy for proving Theorem 1.3 is by contradiction: we first negate the
statement to get a sequence of counterexamples. Then we rescale the sequence
appropriately and use Theorem 1.1 to pass to a limit map which violates Shi’s
theorem.
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The assumption (1.8) is a rather strong one, and we don’t know if it can be
weakened in general. Nonetheless, in the case where N is simply-connected, (1.8)
can be removed thanks to a universal energy bound due to Hardt, Kinderlehrer and
Lin.
Theorem 1.4 ([HKL88]). Assume N is simply-connected. For each compact subset
K of B, there exists a constant C = C(n,K,N,Λ) such that
E0(u,K) ≤ C
for any u ∈MΛ.
Using this result we obtain the following corollary of Theorem 1.3.
Corollary 1.5. Suppose N is simply-connected, then there exists ǫ = ǫ(Λ, N, n)
such that Hn−2−ǫ(sing u) = 0 for each u ∈MΛ.
This paper is organized as follows: In section 2 we introduce the concept of Γ-
convergence and state a compactness result for energy functionals in FΛ. In section
3 we utilize Γ-convergence to prove Theorem 1.1. In section 4 we prove Theorem
1.3. Finally, in section 5 we show how to derive Corollary 1.5 from Theorem 1.3 and
Theorem 1.4.
2. Γ-convergence and compactness of FΛ
In this section we introduce the concept of Γ-convergence, which will be integral to
the proof of Theorem 1.1. For a general introduction to Γ-convergence, see [DM94].
Definition 2.1. Let Fk : L
2(B;Rm) → [0,+∞] be functionals on L2(B;Rm). For
w ∈ L2(B;Rm), we define
(2.1) Γ− lim sup
k→∞
Fk(w) = inf{lim sup
k→∞
Fk(wk)|wk → w in L2(B;Rm)}
(2.2) Γ− lim inf
k→∞
Fk(w) = inf{lim inf
k→∞
Fk(wk)|wk → w in L2}
Moreover, we say that {Fk} Γ-converges to F , denoted F = Γ− lim
k→∞
Fk, if
F = Γ− lim sup
k→∞
Fk = Γ− lim inf
k→∞
Fk.
Since L2(B;Rm) is a metric space, we have the following characterization for the
Γ-limit.
Lemma 2.2 ([DM94], Proposition 8.1). For w ∈ L2(B;Rm), F (w) = Γ−lim supk→∞Fk(w) =
Γ− lim infk→∞ Fk(w) if and only if
(1) (lim inf-inequality) For each sequence (wk) converging to w in L
2(B;Rm),
we have
(2.3) F (w) ≤ lim inf
k→∞
Fk(wk).
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(2) (lim sup-inequality) There exists a sequence (wk) converging to w in L
2(B;Rm)
such that
(2.4) lim sup
k→∞
Fk(wk) ≤ F (w).
A sequence verifying (2.4) is called a recovery sequence.
The following compactness result is what makes Γ-convergence useful to us.
Proposition 2.3 ([DM94], Theorem 22.2). Let {Ek} be a sequence in FΛ. Then,
passing to a subsequence if necessary, there exists E ∈ FΛ such that
E(·, A) = Γ− lim
k→∞
Ek(·, A), for all A ∈ A.
Remark 2.4. In fact, [DM94] considers only scalar-valued functions (m = 1).
Nonetheless, the vector-valued case (m > 1) follows quite easily. The key is that for
each E ∈ FΛ and u = (u1, . . . , um) ∈W 1,2(B;Rm), we can write
E(u,A) =
m∑
k=1
ˆ
A
√
ggijDju
kDiu
k ≡
m∑
k=1
Escal(u
k, A)
and apply the case m = 1 to Escal.
3. Compactness of MΛ
In this section we prove Theorem 1.1. Suppose {uk} is a sequence in MΛ with
locally uniformly bounded energy, i.e.
sup
k
E0(uk, Br(x)) < +∞, for each Br(x) ⊂⊂ B.
The first conclusion of the Theorem then follows by a standard diagonal argument,
yielding a limit map u ∈ W 1,2(B;N). Now, for each k, suppose Ek ∈ FΛ is a func-
tional minimized locally by uk. By Proposition 2.3, passing to a further subsequence
is necessary, we may assume that there is E ∈ FΛ such that
(3.1) E(·, A) = Γ− lim
k→∞
Ek(·, A), for each A ∈ A.
Proposition 3.1. u minimizes E locally. In particular, u ∈MΛ.
Proof. It suffices to prove that for each θ ∈ (1/2, 1) and each v ∈W 1,2(Bθ;N) with
u− v ∈W 1,20 (Bθ;Rm), we have
E(u,Bθ) ≤ E(v,Bθ).
Define v˜ by
v˜ =
{
v , in Bθ
u , in B −Bθ .
Next we fix positive numbers δ and η, to be sent to zero later. By (3.1) and
recalling Lemma 2.2, there exists a sequence {vk} in W 1,2(Bθ(1+η);Rm) converging
to v˜ strongly in L2(Bθ(1+η);R
m) such that
(3.2) lim sup
k→∞
Ek(vk, Bθ(1+η)) ≤ E(v˜, Bθ(1+η)).
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Below we show that based on {vk} we can construct a new sequence {v˜k}, still
converging to v˜ strongly in L2(Bθ(1+η);R
m), such that (3.2) is preserved and that
v˜k(x) ∈ N for a.e. x. This will be done in two steps.
Step 1: Improve to L∞-convergence
This construction is inspired by [BDM80]. Since vk → v˜ in measure, there exists
a sequence kp going to infinity such that
(3.3)
∣∣∣∣
{
x ∈ Bθ(1+η)| |vhk (x)− v˜h(x)| >
1
p
}∣∣∣∣ < 1p, for all k ≥ kp, h ∈ {1, · · · ,m}.
Now we define a new sequence {wk = (w1k, . . . , wmk )} as follows. Whenever k satisfies
kp ≤ k < kp+1, we define
(3.4) whk =


vhk , if |vhk − v˜h| ≤ 1p
v˜h + 1p , if v
h
k > v˜
h + 1p
v˜h − 1p , if vhk < v˜h − 1p
.
Then wk ∈W 1,2(Bθ(1+η);Rm) and ‖whk − v˜h‖L∞ ≤ 1p for kp ≤ k < kp+1, so
(3.5) lim
k→∞
‖wk − v˜‖L∞ = 0.
Moreover, notice that by (3.3) and the definition of wk, we have, for kp ≤ k < kp+1
(3.6)
∣∣∣{x ∈ Bθ(1+η)| whk(x) 6= vhk (x)}∣∣∣ ≤ 1p.
Moreover, recalling Remark 2.4 and again using the definition of wk, we get
Ek(wk, Bθ(1+η) =
m∑
h=1
(ˆ
{wh
k
=vh
k
}
√
gkg
ij
k Djv
h
kDiv
h
k +
ˆ
{wh
k
6=vh
k
}
√
gkg
ij
k Dj v˜
hDuv˜
h
)
≤ Ek(vk, Bθ(1+η)) + C(Λ)
m∑
h=1
ˆ
{wh
k
6=vh
k
}
|dv˜h|2.
Letting k →∞ and using (3.6), (3.2), we have
(3.7) lim sup
k→∞
Ek(wk, Bθ(1+η)) ≤ E(v˜, Bθ(1+η)).
Step 2: Projecting onto N
Since v˜(x) ∈ N a.e., by (3.5), we infer that
(3.8) d(wk, N) converges to zero in L
∞(Bθ(1+η)).
Since N is compact, we may assume that there exists d > 0
Nd = {x ∈ Rm| d(x,N) ≤ d}
is strictly contained in a tubular neighborhood of N . Let π denote the nearest-point
projection onto N ; then eventually w˜k = π ◦ wk is defined. By (3.7), (3.8) and the
smoothness of π we infer that
lim
k→∞
‖w˜k − v˜‖L∞(Bθ(1+η);Rm) = 0
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and that
(3.9) lim sup
k→∞
Ek(w˜k, Bθ(1+η)) ≤ E(v˜, Bθ(1+η)).
To proceed, we need the following version of the Luckhaus lemma. A proof can
be found in [Sim96]
Lemma 3.2. Let N be a compact submanifold of Rm with Nd strictly contained
in a tubular neighborhood of N . Let L be a positive constant. Then there exists a
constant δ(n,L, d) such that for all ǫ ∈ (0, δ), if u, v ∈ W 1,2(B(1+ǫ)ρ(y)− Bρ(y);N)
satisfy
ρ2−n
ˆ
B(1+ǫ)ρ(y)−Bρ(y)
|Du|2 + |Dv|2 ≤ L,
ǫ−2nρ−n
ˆ
B(1+ǫ)ρ(y)−Bρ(y)
|u− v|2 ≤ δ2.
Then there exists w ∈ W 1,2(B(1+ǫ)ρ(y) − Bρ(y);N) such that w = u near ∂Bρ(y),
w = v near ∂B(1+ǫ)ρ(y) and
ρ2−n
ˆ
B(1+ǫ)ρ(y)−Bρ(y)
|Dw|2
≤ Cρ2−n
ˆ
B(1+ǫ)ρ(y)−Bρ(y)
|Du|2 + |Dv|2 + Cǫ−2ρ−n
ˆ
B(1+ǫ)ρ(y)−Bρ(y)
|u− v|2,
where C depends on n,L and sup
p∈Nd
|(dπ)p|.
To apply the lemma to our situation, we choose M large enough so that
(3.10) E0(uk, Bθ(1+η)) + E
0(w˜k, Bθ(1+η)) < Mδ, ∀k.
Consider the annuli
Aη,l = Bθ(1+l η
M
) −Bθ(1+(l−1) η
M
), l = 1, 2, . . . ,M.
By (3.10), there exists an l such that
(3.11) E0(uk, Aη,l) + E
0(w˜k, Aη,l) < δ for infinitely many k.
Without loss of generality we assume that this is satisfied for all k.
Next let ρ = θ(1 + (l − 1) ηM ) and ǫ = η2M . Then we have
θ(1 + (l − 1) η
M
) = ρ ≤ (1 + ǫ)ρ ≤ θ(1 + l η
M
).
Now since v˜ = u on B −Bθ and lim
k→∞
‖v˜ − w˜k‖L2 = lim
k→∞
‖v − uk‖L2 = 0, we have
lim
k→∞
ˆ
B(1+ǫ)ρ−Bρ
|w˜k − uk|2 = 0.
Moreover, it’s clear that there is a constant L such that
ρ2−n
ˆ
B(1+ǫ)ρ−Bρ
|Dw˜k|2 + |Duk|2 ≤ L for all k,
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and as k tends to infinity, eventually we have
ǫ−2nρ−n
ˆ
B(1+ǫ)ρ−Bρ
|w˜k − uk|2 ≤ δ(n,L, d)2.
Thus we can apply Lemma 3.2 with w˜k, uk in place of u, v, respectively, obtaining a
sequence {sk} in L2(B(1+ǫ)ρ −Bρ;N) such thatˆ
B(1+ǫ)ρ−Bρ
|Dsk|2
≤ C
ˆ
B(1+ǫ)ρ−Bρ
|Dw˜k|2 + |Duk|2 +Cǫ−2ρ−2
ˆ
B(1+ǫ)ρ(y)−Bρ(y)
|w˜k − uk|2
≤ Cδ + Cǫ−2ρ−2o(1).
Sending k to ∞ in the above inequality, we get
(3.12) lim sup
k→∞
E0(sk, B(1+ǫ)ρ −Bρ) ≤ Cδ.
Now we define
v˜k =


w˜k , on Bρ
sk , on B(1+ǫ)ρ −Bρ
uk , on B −B(1+ǫ)ρ
.
Since Γ− lim
k→∞
Ek(·, A) = E(·, A), for all open subset A of B, by the lim inf-inequality
(2.3), we have
E(u,Bθ) ≤ lim inf
k→∞
Ek(uk, Bθ) ≤ lim sup
k→∞
Ek(uk, Bθ)
≤ lim sup
k→∞
Ek(uk, B(1+ǫ)ρ)
≤ lim sup
k→∞
Ek(v˜k, B(1+ǫ)ρ) (uk is minimizing )
≤ lim sup
k→∞
(
Ek(w˜k, Bρ) + CE
0(sk, B(1+ǫ)ρ −Bρ)
)
≤ lim sup
k→∞
Ek(w˜k, Bθ(1+η)) + Cδ ( by (3.12))
≤ E(v˜, Bθ(1+η)) + Cδ ( by (3.7)).
Since δ, η > 0 is arbitrary, we have
E(u,Bθ) ≤ E(v˜, Bθ) = E(v,Bθ).
This completes the proof of Proposition 3.1. 
Next we prove the second conclusion of Theorem 1.1. For each Bθ(x) ⊂⊂ B, we
take the comparison map v ∈W 1,2(Bθ(x);N) in the previous proposition to be just
u itself restricted to Bθ(x). Then v˜ would just be u. Following the arguments of
Proposition 3.1, we have
E(u,Bθ(x)) ≤ lim inf
k→∞
Ek(uk, Bθ(x))
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≤ lim sup
k→∞
Ek(uk, Bθ(x)) ≤ E(u,Bθ(1+η)(x)) + Cδ,
for all δ, η > 0. From this the second conclusion of Theorem 1.1 follows easily and
we’ve completed the proof of the Theorem 1.1.
4. Improved upper bound for the singular set dimension
In this section we prove Theorem 1.3. As mentioned in the introduction, the
proof is by contradiction. Therefore we fix Λ and E0 and suppose that there exists
a sequence of maps {uk} in MΛ and a sequence of positive numbers ǫk converging
to zero, such that each uk satisfies (1.8) and
Hn−2−ǫk(sing uk ∩B1/2) > 0.
Next, following [SU82] we define, for any subset A of B,
(4.1) ϕs(A) = inf{
∑
i
rsi | A ⊂ ∪iBri(xi)}.
Recall that ([Fed69], 2.10.2)
(4.2) ϕs(A) = 0 if and only if Hs(A) = 0,
and that ([Fed69], 2.10.19)
lim sup
r→0
ϕs(A ∩Br(x))
rs
≥ 2−s, for a.e. x ∈ A.
Hence for each k we can choose xk ∈ sing uk ∩B1/2 and rk ∈ (0, 1/4) so that
(4.3)
ϕn−2−ǫk(sing uk ∩Brk/2(xk))
rn−2−ǫkk
≥ cn
for some constant cn depending only on n. Now define a sequence of rescaled maps
by letting
vk(y) = uk(xk + rky), y ∈ B.
Then (4.3) implies
(4.4) ϕn−2−ǫk(sing vk ∩B1/2) ≥ cn.
Since each uk is in MΛ, it is not hard to see that the sequence of rescaled maps {vk}
is also in MΛ. Moreover, by the bound (1.8), we have
sup
k
E0(vk, B) = sup
k
r2−nk E
0(uk, Brk(xk)) ≤ E0.
Thus by Theorem 1.1, there exists v ∈MΛ such that
(1) vk → v stronlgly in L2(Bθ(x);Rm) for each Bθ(x) ⊂⊂ B.
(2) Suppose vk and v minimize Ek and E, respectively. Then for each Bθ(x) ⊂⊂
B, (1.4) holds.
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Now for each covering {Bri(xi)} of singE v∩B1/2 by balls, let K = B1/2−∪iBri(xi).
Let 2d = dist(K, sing v ∩ B1/2) > 0. Then by the definition of singE v (see (1.6)),
we can choose a finite covering {Bsi/2(yi)}Qi=1 of K, with yi ∈ K and si ≤ d such
that for each i,
(4.5) s2−ni E
0(v,Bsi(yi)) ≤
1
2
(1 + Λ)−2ǫ.
Now by (1.4), there exists k0 such that for all k ≥ k0 and 1 ≤ i ≤ Q,
(4.6) Ek(vk, Bsi(yi)) ≤ E(v,Bsi(yi)) + (2Λ)−1sn−2i ǫ.
Hence for k ≥ k0 and 1 ≤ i ≤ Q,
E0(vk, Bsi(yi)) ≤ ΛEk(vk, Bsi(yi)) (by (1.2))
≤ Λ(E(v,Bsi(yi)) + (2Λ)−1sn−2i ǫ) (by (4.6))
< Λ(ΛE0(v,Bsi(yi)) + (2Λ)
−1sn−2i ǫ) (again by (1.2))
≤ Λ((2Λ)−1ǫ+ (2Λ)−1ǫ)sn−2i (by (4.5))
= sn−2i ǫ.
So by Theorem 1.2, Bsi/2(yi) ∩ sing vk = ∅. Hence for k ≥ k0,
sing vk ⊂ ∪iBri(xi).
Thus ∑
i
rn−2−ǫki ≥ ϕn−2−ǫk(sing vk ∩B1/2) ≥ cn, for all k ≥ k0.
Letting k tend to infinity, we get ∑
i
rn−2i ≥ cn.
Since {Bri(xi)} is an arbitrary covering of sing v ∩B1/2 by balls, we conclude from
(4.1) that
ϕn−2(singE v ∩B1/2) ≥ cn > 0.
Hence by (4.2), this implies
Hn−2(singE v ∩B1/2) > 0,
which is clearly in contradiction with (1.7), and the proof of Theorem 1.3 is com-
plete.
5. The case when N is simply-connected
In this section we assume in addition that N is simply-connected and prove Corol-
lary 1.5. By Theorem 1.3 this reduces to verifying condition (1.8). Given u ∈ MΛ,
let E be a functional in FΛ of which u is a local minimizer and suppose E is given
by (1.1) with some Riemannian metric g of class L∞.
For each Br(x) ⊂⊂ B with x ∈ B1/2 and r ∈ (0, 1/4), we define
(5.1) ux,r(y) = u(x+ 2ry), y ∈ B.
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We also define Ex,r : L
2(B;Rm)×A → [0,+∞] by
(5.2)
Ex,r(v,A) =
{ ´
A
√
g(x+ 2ry)gij(x+ 2ry)Djv(y) ·Div(y)dy , v|A ∈W 1,2(A;Rm)
+∞ , otherwise .
Then it’s not hard to see that Ex,r ∈ FΛ and ux,r is a local minimizer for Ex,r. Thus
ux,r ∈MΛ. Moreover, a straightforward computation shows that
(5.3) E0(u,Br(x)) = (2r)
n−2E0(ux,r, B1/2).
Now since ux,r ∈MΛ, by Theorem 1.4 there is a constant C = C(n,Λ, N) such that
(5.4) E0(ux,r, B1/2) ≤ C.
Combining (5.3) and (5.4), we get
r2−nE0(u,Br(x)) ≤ 2n−2C.
Hence condition (1.8) is verified with E0 = 2
n−2C and Corollary 1.5 follows imme-
diately.
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